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Solvability of Factorizable Groups il 
DAVID FI~XEL 
J. RICHAN LUNDGRES 
Since &gel J, I 31 and Wielandt [19] established that a finite group which is the 
product of two niipotent subgroups is itself solvable, there have been numerous 
generalizations which weaken the hypothesis of nilpotence on the subgroups and 
still obtain that the group itself is solvable. To fix notation, suppose the finite 
group G is the product of two of its subgroups, A and 3, say. 1%‘. K. Scott has 
conjectured that if A and B each have a nilpotent subgroup of index 2, then G 
would be so!sahle. In [5], we established that G is soIvab!e if A has a nilpotent 
subgroup of index 2 and R is nilpotent and has odd order, under the assumption 
that the Unbalanced Group Conjecture is true (see Assumption 2.2 below). 
In this paper we extend this result in two directions. First, we consider 
(Corollary 3.4) the situation in which A has a nilpotent normal subgroup Hwhosc 
index in A is a power of 2, and in which R is nilpotcnt and of odd order, slnd we 
show that if the Z-group A/H is Abelian or dihedral, then G is solvable. Sccondlv, 
using this result, we show (Corollary 4.3) that if .A has a nilpotent subgroup II 
of indcs 7 _ and R has a nilpotent subgroup K of odd order of indes 2. then G is 
solvable. 
In fact, under the additional hypothesis that 1 A and : B j do not have any 
odd prime factors in common, we can establish (Theorems 3.3 and 4.1) that G 
is sohab!e if 1-l is just 2-decomposable; that is, if H is the direct product of its 
Sylow Z-subgroup and its IIall2’-subgroup. These results are generalizations of 
a result of Berkovic [I]. The authors wish to thank Dr. Peter Rowley for 
suggesting this additional case. 
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All groups considered are finite. Our methods and notation are an extension 
of those in [5]. The main result of that paper is proved under the assumption 
that the Unbalanced Group Conjecture is true. The proof of this conjecture is 
essentially complete [17J and we continue to assume it throughout this paper. 
DEFINITION 2.1. If G is an-yfinite group, the core of G, denoted O(G), is the 
largest normal subgroup of G of odd order. 
~~~~~1~~ 2.2 {unbalanced Group Conjecture). Let G be a no?z”abelian 
finite simple group z&h an ilrvolution t for which O(C,(t)) # f. I’hen G is a 
Chevaliey group of odd characteristic or an alternating group of odd degree or 
PSL (3,4) or Held’s group, He. 
We also quote here some additional results which we use below. The first is 
essentially Kegel’s part of the Keg&-Wielandt theorem. 
T~OREX 2.3. Let G be afinifegroup with subgroups A and B so that G == AB. 
Suppose fhat every proper quotient group of G and every proper subgroup of G 
containing A OY B is soZvable. If there is a prime p dividing both j A j and i B j and 
if A and B each has a no$~~~ Sqiow p-s~gyo~p, then G is so~~a~~e. (Essentially 
Satz 1 of f23]; proved in this form in f3]). 
THEOREM 2.4. Let G be afinifegroup with subgroups A and B so that G = AB 
and A n B = 1. Suppose that j B 1 is twice an odd number. Then G has a subgroup 
N of index 2 such that no involution of B is contained in N. (Lemma 2 of [4]), 
3. THE MAIN THEOREM 
We now consider the case where the finite group G is the product of two 
subgroups, .4 and B, where B is nilpotent and A has a normal subgroup H whose 
index in A is a power of 2. We need the following definition. 
DEFIWSI~N 3.1. For p a primx? number, a finite group is p-decomposable if it 
is the direct produc f of a Sylow p-subgroup and a Hall $-subgroup. 
The first result says that if H is 2-decomposable and if the 2-group A/H is 
“manageable” then G is solvable. Afterwards, we consider a situation in which 
A/H is actually “manageable”. 
LEMaLk 3.2. Let the$&fegroup G have subgroups A, B and H, with G =~i AB, 
FACTORIZABLE GROUPS II 5 
Proof. Suppose the lemma is false; and let G be a minimal ~o~n~e~~xam~le, 
If N is any non-trivial normal subgroup of G, then if AN < G, we hwe Al\i’ 
solvable by hypothesis (ii) and therefore N solvable. Since Gl~ is solvable by 
hypothesis (iii), this makes G solvable, a contradiction. Therefore ,L$N = G; 
and since (iR],IBI)=l, we have /B[/IN]. Similarly BN-G and 
jSI~JNj.Th f ere ore N = G, and so G must be simple. 
Let Ha and A, be Sylow 2-subgroups of N and B respective1 
the Wall 2’-subgroup of H. By hypothesis (i), Ha # 1, and sine 
Hs <i A,. Now let x be an involution in H, n Z(A,). We claim that ~(~~(~)j + I, 
which will allow us to apply Assumption 2.2. 
ILet M = C,(x). Since G is simple, &2 # G. Since PI = Hz x s;T,f p an 
A = A,i?i,~ , we have A < M. Therefore by hypothesis (ii>, M is solvable. Let 
F = F(Mj, the Fitting subgroup of M. Since .M is solvable, F # 1~ IfP is not. a 
%group, then Q,@J) < Q(M), establishing our claim, so we may assume ehaeP 
is a %-group. Since F is a normal 2-subgroup of M and A, is a SyIow 2-subgroroup 
of M, we have F < A, . Now as F and Hz1 are both normal subgr 
have [F, ZQ] < F n H2f = 1, so H,, < C,(F) < F, &ii last since 
Now we must have Hz* + 1, or else A would be a 2-group and G would be 
solvable by the Kegel-?Vielandt Theorem. Therefore Ha, ,(FcontradictsF being 
a 2-group. This contradiction established our claim that Q(G,(x)) # 1. 
Tbereforg~ by Assumption 2.2, G must be a Chevalley group of odd charac- 
teristic, an alternating group of odd degree, P&X(3,4.), or Held’s simple group, 
We now complete the proof of this lemma by showing that none of these has a 
factorization as in our hypothesis. We recall that C,(X) is solvable, and that x is a 
central imoluti i.e., in the center of a Sylow 2-subgroup of 6). 
rgoyne and Williamson [Z], we iind that the only ~~eva~le~ 
groups of odd degree having a solvable centralizer of an involution are .~3,(4), 
q > 3, A,(3), 2A2(3)7 B,(3) and G,(3). Now A&) s PSL(2 
examine Itit’s list of the factor~ation of these groups [lO], or 
rn~~atio~ of all of their subgroups [9, Sect. II.81 to see that none of them is 
possible. The orders of A,(3), 2A,(3), and B,(3) each involves only three primes, 
so if they had factorization as required, A or 3 would have prime power orders 
If A had prime power order, G would be solvable by the Ke 
Theorem, and if B had prime power order, C’,(gj would have prime ~OWX indmx, 
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contrary by Burnside’s Theorem, to G being simple. In G,(3), a Sylow 2-sub- 
group normalizes no non-trivial 2’-subgroup [6, pp. 478, 4751 making A a 
2-group, again a contradiction. Thus G cannot be a Chevalley group of odd 
degree. 
In [8], P. Hall determines all the solvable Hall subgroups of S, , the sym- 
metric group on n letters. If G == 14, , the alternating group, then Hz, and B are 
solvable Hall subgroups of S, and we can use Hall’s description to see that G 
cannot be an alternating group of odd degree. 
Furthermore, G cannot be PSL(3,4) because Spitznagle’s description of Hall 
subgroups of this group [15] shows that if G = PSL(3,4) we would have A 
a 2-group and therefore G would be solvable by the Kegel-Wielandt Theorem. 
Finally, G cannot be Held’s group, because here the centralizer of a central 
involution is not solvable. 
This completes the proof of Lemma 3.2. 
WC now give a result that replaces hypotheses (i) through (iii) with specific 
assumptions about the 2-group A/H. Most of the work has been done in the 
Lemma. Essentially we only have to consider the case where Hz = 1; then a 
minimal counterexample is a simple group with a certain Sylow 2-subgroup, 
and its structure is known. Certainly other theorems like this, with other assump- 
tions on A/H, are possible. 
THEOREM 3.3. Let thefinitegroup G haw subgroups A, B, and H with G :- AB, 
H a normal subgroup of A and [-4 : H] = 2i f OY some integer i. Suppose that Ii is 
2-decomposable, B is nilpotent and (I A I, 1 B 1) -= 1. Assume further that A/H is 
Abelian OY dihedral. Then G is solvable. 
Proof. Let G be a counter example to the theorem of minimal order. If S is a 
subgroup of G with B < S < G, then by the Dedekind identity, S :=. 
(S n A)(S n B). u I ow S n A has a normal subgroup S n H, and S n A/S n H 
is isomorphic to a subgroup of A/H, and is therefore ,4belian or dihedral. 
Therefore, S satisfies the hypothesis of this theorem, and so is solvable by 
induction. Similarly, any proper subgroup of G containing A is solvable. If N 
is a non-trivial normal subgroup of G, then G/h’ = (AN/.N)(Bh7/N), and 
AIV,‘N,!HK/N is Abelian or dihedral, so G/H is solvable. We have now verified 
that hypothesis (ii) and (iii) of Lemma 3.2 arc satisfied. As in the lemma, we get 
that G is simple. 
Xow if 1 H i is even, then G is solvable by Lemma 3.2, so we may assume that 
/ H ] is odd. Then G is a simple group with -4belian or dihedral Sylow 2-sub- 
groups. From the characterizations of such groups by Walter [16] and Gorenstein 
and Walter [7j, we see that G must be PSL(2, 2) or the alternating group on 7 
letters, or J1 , the first Janko group, or a group of Ree type. 
As in the preceding lemma, G cannot be PSL(2, q) or A,. Also, G cannot be 
J 1, as in Jr no non-identity subgroup of odd order is normalized by a Sylow 
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2-subgroup [l I, pi 1501. Therefore if G = J; , we would have M = 1, A a 
2-group, and G solvable by the Kegel-Wielandt Theorem. 
We are left to consider groups of Ree type. A group of Ree type is a simple 
group of order qa(q - I)(@ -+ 1) where q is an odd power of 3, say p = P-k:: 
with K 3 1. In a group of Ree type, a subgroup of odd order ~orrnali~e~ by a 
Sylow 2-subgroup must be cyclic [12, Lemma 4.21 so that if our grou a 
group of Ree type, we must have H cyclic. In addition, a group of Ree as 
non-trivial Abelian Wall subgroups M+ and M- of (odd) orders q + 1 + 3m 
and q + I _- 3m, respectively, where m = 3”, and each of them is the centralizer 
of each of its non-identity ekments [IS]. 
Let x be a God-identity element of M+ o~~~~owe~ o&r, -jvhere p is an od 
prime. Then by Sylow’s Theorem, x EEP 0; x E@, some g E G. Suppose 
x E 239. Them since C‘,(x) = M+, we must have G,,(Bg) < &PI so j O,@)/ 1 I M+ Jo 
Also, since Itill is a Hall subgroup of G, we have j dd,(B)j 1 j &C-1- /. Therefore, in 
this case, I B ] f 1 MT j. Similarly, if x E MS, then since H is cyclic, we get 
j H i 1 j M+ j. A similar argument holds foor A#-. Thras we cam see that 
jBd’,i / 1 j MA j 
2Q2 - y + 1) < j G 1, a contradiction. Thus G camnot be a group of 
type. 
This completes the proof of Theorem 3.3. 
We now drop the hypothesis that (1 A j, ] B 1) = 1, and assume that .H is 
nil~otent rather than just 2-de~ompusable. 
Pr~o$ Let G be a minimal counterexample, By Kegel’s Theorem, Theorem 
2.3, N nilpotent implies (I iYj) 1 B 1) = 1. Therefore we may apply Theorem 3.3 
to see that G is solvable. 
~ern~~~. We note that the hypothesis H (1~4 is crucial to the previous results 
The alternating group on 5 letters A,, is the produet of two s~bgro~~s~ one 
isomorphic to A, and the other cychc of order 5. As A, has a (non-normals 
cyclic subgroup of order 3 of index 4, A, has a factorization as in the hypothesis 
of our results with the exception of N u A. 
4. ON SCOTT'S COXJIXXJRF: 
We now give an application of Theorem 3.3 which leads to a partial answer 
to the conjecture of Scott mentioned in the Introduction. 
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THEOREM 4.1. Let G be a$nite group with subgroups A, B, H and K such that 
G = AB, H < A, K < B, and [A:K], [B: K] < 2. Suppose that H is 
2-decomposable and K is nilpotent. Suppose further that 1 K 1 is odd and 
(IHI,] KI) = 1. ThenGissoZvabZe. 
Proof. Let G be a minimal counterexample to the theorem. We note first that 
by the isomorphism theorems, or by the Dedekind identity, any proper quotient 
group of G and any proper subgroup of G containing A or B has a factorization 
as in the hypothesis of the theorem, and so is solvable by induction. 
By 114, Theorem 13.2.51 we may choose Sylow 2-subgroups G, , A,, and Bz 
of G, A, and B respectively so that G, = A,B, . Let Hz and H,? be the Sylow 
2-subgroup and Hall 2’-subgroups of H, respectively. 
We consider a number of cases, depending on the values of [A : H] and 
[B : K]. 
(i) If [A : H] = [B : K] = 1, then G is solvable immediately by a 
theorem of BerkoviC [l, Theorem 21. 
(ii) If [A : H] = 2 and [B: K] = 1, then G is solvable by Theorem 3.3. 
(iii) If [A : H] = 1 and [B : K] = 2, and if / A 1 is even, consider N,(A,). 
First, N,(A,) < G, or else A, and G/AS would both be solvable, making G 
solvable, a contradiction. Since [G, : A,] < 2, we have G, < N,(A,), and since 
A is 2-decomposable in this case, we have A < N,(A,), making N,(A,) solvable. 
So we may take M to be a Hall n(A)-subgroup of N,(A,) where n(A) is the set of 
primes dividing 1 A 1, and we find [M : A] < 2. Since by counting orders we 
can see that G = MK, it follows that G is solvable by Theorem 3.3. 
(iv) If [A: H] = 1 and [B : K] = 2 and if ] A j is odd, then 1 G 1 is twice 
an odd number so G is solvable. 
(v) We are left with the case [A : H] = [B : K] = 2. If A n B f 1, then 
since (1 A 1, 1 B 1) = 2, we would have / A n B / = 2. Therefore, by counting 
orders, we can see G = AK, and G would be solvable by Theorem 3.3, a 
contradiction. Therefore, A n B = 1. Since the order of B is twice an odd 
number, we can apply Theorem 2.4 and see that G has a normal subgroup N of 
index 2 such that no involution of B is contained in N. 
We now claim that N is the only non-trivial proper normal subgroup of G. 
If M is any non-trivial proper normal subgroup of G, then if AM < G, AM 
would be solvable, so M would be solvable. Therefore, as G/M is solvable, this 
would make G solvable, a contradiction. Hence AM = G and similarly BM = G. 
Since (1 A 1, j B 1) = 2, this implies that [G : M] = 2. Thus the only possible 
orders for a proper normal subgroup of G are 1 N j and 1. Therefore 1 M n N j = 
]Njorl.If]MnNj=lwehave/G) =4,acontradictionHenceM=N. 
Therefore N is the only non-trivial proper normal subgroup of G, and so N is 
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~~ara~t~r~st~~~y simple; i.e., iV is the direct product of ~so~~or~bic ~o~“~be~ia~ 
simple groups. 
In par-tic&r, this implies that 1 H 1 is even. If ! N / were odd, then the Sylow 
2-subgroups of G would have order 4, and those of N would have order 2, a 
contradiction. 
Let N, be a Sylow 2-subgroup of-N contained in 6, We now claim: 
(4.2) if G% is dihedral of order 8, then Hz = BEGS). 
Suppose Gs is dihedral of order 8 and Hs .+ Z(G,). @ah Ha = {xi and 
B, -I- (y); x and y are involutions. In this case iV is a simple group, and not a 
direct product since ] Ns j = 4. By our choice of IV> we have y $ iVa , and since 
any s~bgronp of order 4 of the dihedral group of order 8 necessarily contains 
the center, we have y 4 Z(GJ. Now x and y do not commute, for if they did we 
would have (x) Q Ge , contrary to x $ Z(G,). Therefore, xy has order 4. If x $ IVY 
then since G/IV has order 2, {~~~)(y~~) = N and so my E ,V. This implies -wa is 
cychc of order 4, contrary to N being simple. 
Therefore x EN. Now each non-central involution of the dihedral group of 
order 8 is contained in exactly one subgroup of order 4, so we must have A, < IV. 
Since [G : NJ = 2 we also have Ha* < iai, which implies A < IV- This makes AT 
solvable, and as G/N is also solvable, makes G solvable as we!t. This contra- 
diction establishes claim (4.2). 
As the dihedral group of order 8 is the only S-group in which a non-trivial 
subgroup of index 4 intersects the center trivially (see *he proof of [4+ Theorem 31, 
for example), (4.2) implies that H2 n Z(G,) f 1. Let LL” E Hz I-I Z(G,), x + Ii 
and consider C,(X). First, if C,(x) == 6, then (x} <i G and G/(x> and <x> 
are both solvable, making G solvable. Hence &;;(x) < G. J.Xow since 
H = Hz x El.y and A = A,H,* , we have A < C,(X> and therefore C(;(X) is 
solvable. 
Let M be a Hall m(A)-subgroup of C,(x) containing A. We wish to show that 
H is normal in M. Let L be the largest normal 2-decomposable subgrotlp of A. 
If L = A, then G is solvable by case (iii) above. Therefore L = N and so 
characteristic in A. Since A is normal in M as it has index 2, this makes 
normal in 
Finally, counting orders we see that G = and as Q M and 
[M : N] = 4, we may apply Theorem 3.3 and see that G is solvable. This contra- 
diction completes the proof of the theorem. 
As in the previous section, we can drop the assumption that (i ], j Kg = 1 
by replacing the ~snmption that His 2-decomposable with the ~s~rn~~~o~ that 
H is nilpotent, and so get a partial answer to Scott’s conjecture. 
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